We consider chaperone-assisted translocation of biopolymers with two distinct monomers or bases A and B, with the size of the chaperones being λσ, where σ is a monomer's size. The probability that A and B are neighbors in the biopolymer is P AB . A master equation is used, together with the detailed-balanced condition, in order to derive analytical results for the statistics of the first-passage times of the biopolymer as a function of P AB , λ, and the biopolymer's configuration. Monte Carlo simulations have also been carried out in order to compute the same quantities for biopolymers with 100-900 monomers and several λ. The results indicate nontrivial dependence of the variance of the translocation times on the biopolymer's composition. It is also shown that measurements of the first two moments of the biopolymer's first-passage time distribution provide information on its length and ordering. Moreover, the probability density function Q(t) of the first-passage times is almost Gaussian for small chaperone size λ, but becomes non-Gaussian as λ increases. At large times, Q(t) decays exponentially.
I. INTRODUCTION
Transport of biological molecules, such as DNA, RNA, and proteins, across nanoporous membranes is of fundamental importance to life processes. Such molecules are typically in the form of long biopolymers, while the membranes' pores are small enough that they do not allow the biopolymers to pass through as a single unit, hence leading to translocation -i.e., squeezing -of the biopolymers through the pores.
1 Translocation is used in gene therapy, 2 drug delivery, 3 and rapid DNA sequencing. 4 Other important examples include translocation of, (i)
RNA through the nucleus pore membrane; 5 (ii) DNA plasmid transport from cell to cell through the walls, 1 and (iii) the polypeptide chain from inner mitochondrial and chloroplast membrane through its matrix.
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Due to its complexity, translocation of biopolymers was first studied experimentally. 7 In particular, in a seminal paper by Kasianowicz et al. 8 the passage of one single-strand DNA through a protein channel, α-hemolysin, in a planar lipid bilayer was studied. The pore studied is asymmetric 9 and stable. 10 Kasianowicz et al. 8 demonstrated that, using an electric field, one can drive single-stranded DNA and RNA molecules through the pore, filled by water.
The passage of each molecules is indicated by a blockade in the current through the pore, the magnitude and duration of which depend on the structure of the translocatibng molecule.
More recent experiments used solid-state nanopores that offer better control on their size, and stability over changes in the voltage, salinity, and the pH. Motivated by its potential applications, many more experiments on translocation of polymers in small pores have been carried out.
11−13
An experimentally-accessible quantity of prime importance in such studies is 8, 12 the typical time scale that a biopolymer spends in the nanopore -the so-called dwell time 14 -and its dependence on the molecular weight, the pore's length, and other parameters. In general, there are two distinct dynamics: in slow translocation the biopolymer remains equilibrated at almost all the times on both sides of the pore, whereas fast translocation allows the biopolymer to pass through the pore.
Several mechanisms may induce the translocation. 15 One is based on an external electric field applied across the membrane (pore) which, as mentioned above, has been studied by experiments in-vitro. 8,11−13 Theoretically, it was first studied by determining the equilibrium entropy of the polymer as a function of the position through the pore. 14, 16, 17 Many other analytical techniques have been used to study the problem. 15,18−22 Extensive numerical simulations have also been employed. 19,23−25 The second mechanism uses a chemical-potential difference across the membrane, as there is usually no in-vivo strong electric field in a membrane's pore, 26, 27 an example of which is experiments on chaperone-assisted translocation of proteins. 1, 28 The ejection of a biopolymer, such as DNA, from a bacterial virus to its host cell is the third mechanism of translocation of a polymer along its length through a pore or membrane. While diffusion might also give rise to such a motion, the most significant factor that contributes to such translocation motion is a pressure difference, and the corresponding stress, to which the biopolymer is subjected in the viral capside. 29 Yet another important factor that contributes to the translocation is the crowding effect, 30 which may be due to macromolecular aggregates and other inclusions in cytoplasmic cells, the volume fraction of which may be as high as 50%. 31 Another example of crowding is when a biopolymer, confined within a cavity, escapes if a narrow hole is introduced on the cavity. 32 Finally, it is known that the genomes of many double-stranded DNA (dsDNA) bacteriophages, as well as certain animal viruses, are packaged into a preformed protein precursor capsid. 33 The process is driven by a molecular motor, and the mechanical work that the motor does contributes to the translocation of the dsDNA. (m, n = 1 − 3), and found that the heterogeneity does not affect the scaling of the average translocation time with the biopolymer's length. Furthermore, they showed that for symmetric polymers, m = n, the translocation times also depend on the orientation of the base which enters the pore first. Gauthier and Slater 38 used a MC simulation method, that they had developed earlier, 25 in order to study the translocation times of a copolymer in a pore under an external electric charge. The copolymer consisted of two types of monomers that differed only in terms of their electric charges. They found that each sequence leads to a unique value of the translocation probability and time.
In this paper, we consider the general case of a biopolymer of two distinct monomers or bases, A and B, and study its slow translocation through a nanopore, both analtically and by MC simulation. We consider chaperone-assisted translocation of biopolymers, and using a master equation together with detailed-balanced condition, as well as MC simulation, to study the problem. Analytical results for certain biopolymer's configuration, as well as numerical values for biopolymers with 100-900 monomers are presented.
The rest of this paper is organized as follows. In the next section the biopolymer's model that we use is described. Section III presents the analytical formulation of the problem, while Sec. IV describes the MC approach that we utilize in our study. The results are presented and discussed in Sec. V. The paper is summarized in Sec. VI, where we also describe some possible future directions in for further studying the problem.
II. THE MODEL
We consider translocation of a stiff heterobiopolymer chain with M monomers and length L = Mσ thorough a nanopre, where σ is the monomer's length. The bases, A and B, are neighbors with given probabilities. For example, the configurations AA, BB, and AB occur with the probabilities P AA , P BB , and P AB , respectively. On the pore's right side there are small chaperones of length λσ and density c 0 , the role of which is to prevent back-sliding of the biopolymer, when it is in contact with the pore's walls. 15 This is shown schematically in Fig. 1. Thus, a chemical-potential difference is induced by the chaperones. The difference between the various bases is in the binding energies of a chaperone to them.
Finite-size effects are important. If the biopolymer is infinitely long, then, specifying P AB should suffice for constructing the biopolymer. But, for finite polymers one must be careful about how to construct an ensemble of such polymers. For example, if P AB = 0, even a finite polymer made of only A or B may satisfy this condition. Thus, in order to generate the correct ensemble, one should first generate an infinitely long biopolymer, and then cuts it into pieces of the desired length L. In this way, an ensemble of the biopolymers with given values of P AB and length L is generated. This is the model that we analyze in the present paper.
As mentioned above, Luo et al. 35 studied a biopolymer with a fixed sequence A m B n , and computed the mean first-passage times (MFPTs) as a function of the fraction A/B. In contrast,
we consider the general case that the probability of A and B being neighbors is P AB (biopolymers with random structure), and compute the statistics of the MFPTs as a function of P AB . As we demonstrate below, the statistics are fundamental to sequencing a heterobiopolymer of apriori unknown structure. In addition, we consider chaperone-assisted translocation which, to our knowledge, has never been studied for the heteropolymers. Moreover, there has also never been any investigation of the entire statistics of the MFPT and its probability density function (PDF) in terms of λ. These issues are all studied in the present paper for biopolymer with two distinct monomers. In particular, we show that the PDF of the FPTs becomes increasingly non-Gaussian with increasing λ.
III. ANALYTICAL ANALYSIS: FIRST-PASSAGE TIME FORMULATION
Analytical investigation of translocation -a nonequilibrium process -is very difficult. For some special ordering of the bases, we use the master equation 39 together with the detailedbalance condition 40 (DBC), in order to describe the phenomenon, and determine the statistics of the FPT in terms of the biopolymer's transition probabilities with various sequences of the monomers. Since translocation is a nonequilibrium process, the DBC is an approximation.
Nevertheless, it leads to some very useful and insightful results. Analytical results are derived for λ = 2 and arbitrary P AB . In the next section we use a MC method to compute the statistics of the FPT of a biopolymer of size M and a given λ.
To begin with, we note that, compared with translocation, the binding process is fast. The ratio of the time scales for the two processes is 41 about 1/300. It is, therefore, reasonable to assume that the fast variable approaches rapidly its equilibrium distribution. Therefore, as
Zandi et al. 27 pointed out, the entire process is described by the evolution of the slow variable, which is the number m of the bases or monomers that pass through the nanopore. The master equation for P (m, t), the probability that m bases have passed through the nanopore at time t, is given by
where W + (m) and W − (m) are, respectively, the transition rates for forward and backward motions, which are evaluated using the DBC, according to which,
The stationary solution of the problem is then given by
Here, Z λ is the partition function.
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Since, as described above, the chaperones only induce a chemical-potential difference along the nanopore, they do not affect the forward transition rate. Therefore, W + (m) = k, where k is a constant. One also has,
The MFPT T is then given by,
Thus, if the partition function is computed, Eqs. (4) and (5) enable one to calculate the MFPT T . The partition function Z λ should account for three important factors.
(i) The first factor is
which is the total number of ways that n chaperones of length λ are distributed on m sites.
The chaperons' length is measured in units of the monomers.
(ii) The equilibrium Boltzmann weight, exp(−ε/k B T ), where ε is the chaperones' binding energy with the monomers, T the temperature, and k B the Boltzmann's constant, is the second factor.
(iii) The third factor, Z space (n), accounts for the effect of decreasing the number of chaperones through a cell, 6, 43 with,
where N is the total number of the chaperones and, N t = V /v 0 . Here, V is the volume of the cell on the right side of the nanopore, and v 0 is the volume of a chaperone. The factor m in Eq.
(7) accounts for the space that the biopolymer occupies. This effect is negligible when N t is very large, which is also the limit that we consider. In the limit,
Moreover, we also have, c 0 = Nv 0 /V .
The translocation times depend not only on the biopolymer's length, but also on the monomers' ordering. If the biopolymer consists of two bases, A and B, with the corresponding configuration probabilities P AA , P BB , and P AB , the binding energies are ε AA , ε BB , and ε AB .
Consider, first, the case, λ = 2, so that the size of the chaperones is λσ = 2σ and assume, of BBB · · · in the biopolymer; see Fig. 2 . Here,
If, p = P AB , and r = M AB + M BB , then,
where,
Here, χ i = √ c 0 v 0 exp(−ε i /k B T ), and, i = A and B. Having determined the partition function, the MFPT T is computed numerically through Eq. (5).
IV. MONTE CARLO SIMULATIONS
To compute T , the MFPT, by numerical simulations, we used the Metropolis algorithm, using the typical values, χ A = 0.42 and χ B = 1. 15. 6,40 The biopolymer is moved to the right and left with equal probabilities. When, however, there is a vacant monomer next to the nanopore, the biopolymer moves to the left side (in contrast with the case in which it can go to the right without any restriction). In other words, if a chaperone is bound near the pore, it rectifies the polymer's motion to the right.
To obtain reliable statistics, we generated 10 4 ensembles for the Metropolis move (see Sec. II about how the ensemble was constructed). As already mentioned above, it takes the biopolymer about τ D ∼ 5 s to translocate, which is much longer than the diffusion time for the chaperones, τ c ∼ 1 ms. 15 This implies that the chaperones have plenty of time to relax. In order to obtain better statistics with higher efficiency, we also built biopolymers with the same probability P AB , but with various sequences (configurations), and computed the maximum and minimum translocation times.
V. RESULTS AND DISCUSSIONS
We carried out extensive MC simulations, in order to understand the statistics of the FPTs, and compare them with the analytical results. In what follows we present the results and describe their implications.
A. The statistics of the first-passage times
We compare in Fig. 3 the theoretical MFPTs for the ordering shown in Fig. 2 with the results of the MC simulations for biopolymers with M = 100. Figure 3 indicates that the computed MFPT T is always smaller than those obtained from the analytical analysis. The difference is due to the fact that, under the DBC, one finds that T scales with the size of the biopolymer as,
whereas from the simulations we find that,
with ν ≃ 1.05 ± 0.01, and C 1 /C 2 ≃ 1.2 ± 0.1.
We also carried out MC simulation of translocation of biopolymers with chaperon size (in units of the monomers' size σ) λ = 2, 5, and 10, with M = 100 − 900 monomers, and a given P AB , making no assumption about the ordering of the monomers A and B. In Figs. 4 and 5
we show the dependence of the MFPT T and its standard deviations S on M, for λ = 2 and various P AB . One has,
Therefore, although the exponent ν that relates T to M is essentially independent of the probability P AB , the coefficients C 1 and C 2 in Eqs. (14) and (15), as well as the implied amplitude in Eq. (16), are not and depend, in general, on the probability P AB . Equation (16) indicates that the presence of the chaperones increases the speed of the biopolymer inside the cell, as ν decreases from 2 for random walk-type motion 15 to nearly 1. This is attributed to the fact that, due to the chaperons that generate a net nonzero chemical potential difference along the pore, diffusion of the biopolymer is biased toward the right-side of the pore. Moreover, the almost linear dependence of T on M also implies that there are no strong fluctuations in T when measured as a function of M; see Fig. 4 . In other words, the series T vs. M is essentially continuous. As for the standard deviations S of the FPTs, we find that,
with µ ≃ 0.65 ± 0.02, which is a nontrivial result.
An important question is whether the deviation from unity of the exponent ν in Eq. (15) is physical, or that it is merely numerical and larger-scale simulations should yield ν = 1 exactly.
We believe that it is the former case. To see this, consider the following. If we assume that the two transition rates W + (m) and W − (m) are independent of m, Eq. (5) yields,
and, therefore, the MFPT T is given by
But, since α < 1, we obtain,
so that in the limit, M ≫ 1, we obtain T ∼ M, i.e., one obtains ν = 1 only when the transition rates are constant and independent of m. However, both in the analytical treatment and the numerical simulations, the transition rates are not independent of m and are, therefore, correlated. Such correlations are the reason for ν > 1.
While the above results cannot be directly compared with the previous ones reported for translocation of biopolymers made of only one type of monomers, it might be instructive to summarize the previous results. Specifically, for forced translocation, one has 23 a crossover in the scaling from
to
where ν F the the Flory exponent of the polymer which, as is well-known, arises due to the excluded volume effect. Thus, the linear polymer or the self-avoiding walk used in these works is different from the stiff biopolymer that we consider in this paper. For free translocation, on the other hand, one finds that
Note that the Flory exponent is given by, ν F ≃ 0.588. In the problem that we study, the presence of the chaperones gives rise to a net chemical potential difference, hence a net force.
Therefore, the question is: notwithstanding the differences between our model and the previous ones with one type of monomers, which of the above scaling regimes might correspond to what we study in this paper?
In the presence of a small external force F , the biopolymer can move to the right and left, albeit with some drift to the right. This would then be similar to a random walk with p = q, where p and q are the transition probabilities to move to the right and left. 45 In some sense, this is similar to what we have studied in that, the biopolymer just waits (instead of moving to the left) and then moves to the right because, if the chaperons allows the polymer, it moves inside the pore; otherwise, the biopolymer waits up to a waiting time t w until the possibility of moving into the pore is favorable. Waiting for the time t w is exactly equivalent to moving to the left and going back to where the motion to the left had commenced, over a period of time exactly equal to the waiting time t w . Thus, the problem that we study is somewhat similar to the case, studied previously bo others, 23 in which a weak external force F was applied to the linear polymer made of only one type of monomers. Indeed, the scaling law that we obtain, Eq. (16), is close to Eq. (21).
The two problems are not, of course, completely similar, because in the problem that we study the bioploymers is stiff and heterogeneous, which influences the scaling of the MFPT with the polymer size M. In addition, the chaperone-assisted translocation is not exactly identical with one under the influence of an external force. Due to such differences, the apparent closeness of Eqs. (15), (16) , and (21) is intriguing and, therefore, this is a problem that must be studied further.
For a given number of monomers M, large values of the ordering probability P AB result in small MFPTs. Moreover, as Fig. 5 indicates, the the standard deviations S depends strongly on the ordering probability P AB , implying that, to estimate P AB experimentally, it is the standard deviations S that yields insight into the ordering of the monomers in the biopolymer, rather than the MFPT itself. In addition, we find that the third and higher moments of the FPTs do not yield any sharper bounds on the value of the ordering probability P AB (see also below). Figure 6 presents the average of the MFPTs for biopolymers with M = 100 monomers and λ = 2, 5, and 10. The results suggest that the mean translocation time T is basically insensitive to the biopolymer's structure (i.e., to the value of P AB ) for small chaperones, λ ≤ 5.
We can estimate the ordering probability P AB using the statistics of T and the standard deviations S. Suppose, for example, that measurements yield, T = 2000 and S = 300 (with proper units). Starting with Fig. 4 , we estimate the biopolymer's length (in units of the monomers' size σ) to be between 260 and 320. Using the estimated length and Fig. 5 , one finds that, 0.6 ≤ P AB ≤ 0.8. Then, utilizing the estimate of P AB and Fig. 4 again, one obtains the tighter bounds, 0.7 < P AB < 0.8, and the length of the biopolymer to be between 290 and 320. After a few iterations between Figs. 4 and 5, one finds that the length of the biopolymer is between 300 and 315 with an ordering probability 0.7 ≤ P AB ≤ 0.8.
B. The probability density function of the first-passage times Figure 7 presents the computed Q(t), the probability density function (PDF) of the FPTs, for the chaperone sizes λ = 2 and 5 (in units of the monomers), computed by the MC simulations. The results indicate that, while for small values of λ the PDF Q(t) is almost Guassian and symmetric, the skewness of Q(t) increases with λ, and becomes non-Gaussian. Long tails develop that are the result of the biopolymer waiting for a favorable condition to move to the right side. In fact, as Fig. 7 indicates, the PDF Q(t) for λ = 5 decays exponentially fast with t.
In a recent paper, Chatelain et al. 46 presented numerical results for Q(t) in another model of translocation, in which a self-avoiding polymer (made of the same monomers) translocates through a membrane pore. Theirs is a model in which M monomers are restricted to the sites of a square lattice with the excluded-volume interactions taken into account. A randomlyselected monomer is moved by one lattice spacing in an arbitrarily-chosen direction. If the new configuration of the polymer is allowed, the step is taken; otherwise, the polymer's configuration remains intact. The thickness of the membrane is two lattice spacing, with the size of its pore being three lattice spacing. Chatelain et al. 46 found that for large t,
where t 0 is a decay constant. Equation (21) is in agreement with the results shown in Fig.   7 for λ = 5, although our model and that of Chatelain et al. 46 are very much different. The similarity indicates that the exponential dependence of Q(t) on t may be a generic feature of first-passage time distributions for such problems. Indeed, exponential decay of the PDF of the first-passage times is a general feature of many random processes, 45 although power-law decay of such PDFs is also quite common.
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VI. SUMMARY
The effect of the ordering of distinct monomers or bases of a biopolymer on the statistics of its translocation time was studied. For certain types of the ordering, a master equation approach together with the detailed-balance condition were used in order to derive analytical results for the statistics of the first-passage times. Monte Carlo simulations were also utilized for more general orderings of the biopolymer. Knowledge of the first two moments of the firstpassage times enables one to obtain information about the ordering probability -the probability that the two distinct monomers of the biopolymer are neighbors -and the biopolymer's length.
It was also shown that the probability density function Q(t) of the first-passage times is almost Gaussian for small chaperones, but that the non-Gaussianity increases rapidly with the size of the binding chaperones. In fact, Q(t) decays exponentially for large t.
In order to test our results by experiments, one must prepare biopolymers of different sequences, made of the same bases or monomers, and measure their translocation times through a nanopore, similar to the early experiments on translocation of homopolymers. 
